We consider exclusive multi-peripheral production of four charged pions in proton-proton collisions at high energies with simultaneous exchange of three pomerons/reggeons. The amplitude(s) for the genuine 2 → 6 process are written in the Regge approach. The calculation is performed with the help of the GenEx Monte Carlo code. Some corrections at low invariant masses in the two-body subsystems are necessary for application of the Regge formalism. We estimate the corresponding cross section and present differential distributions in rapidity, transverse momenta and two-and four-pion invariant masses. The cross section and the distributions depend on the value of the cut-off parameter of a form factor correcting amplitudes for off-shellness of t-channel pions. Rather large cross section is found for the whole phase space (σ ∼ 1-5 µb, including absorption corrections). Relatively large four-pion invariant masses are populated in the considered diffractive mechanism compared to other mechanisms discussed so far in the context of four-pion production. We investigate whether the triple Regge exchange processes could be identified with the existing LHC detectors. We consider the case of ATLAS and ALICE cuts. The ATLAS (or CMS) has better chances to identify the process in the region of large invariant masses M 4π > 10 GeV. In the case of the ALICE experiment the considered mechanism competes with other mechanisms (production of σσ, ρρ pairs or single resonances) and cannot be unambiguously identified.
I. INTRODUCTION
In the present paper, we study the exclusive 2 → 6 process:
In general, the number of possible mechanisms is rather large. Here we shall focus on the triple-Regge exchange processes. According to our knowledge such processes were not discussed quantitatively in the literature and estimation of their importance becomes timely in the light of studies being performed by the STAR, ATLAS, CMS and ALICE collaborations. At the LHC the energy is so high that there is enough rapidity span for such processes to occur, at least from the theoretical point of view. In this study we present an extension of the Regge-inspired Lebiedowicz-Szczurek approach used for the reactions: pp → ppπ + π − [1] , [9] , pp → nnπ + π + [2] and pp → ppK + K − [3] . The number of diagrams for the six-body reactions is bigger than for the four-body reaction and we have to carefully write the corresponding amplitudes using, however, simplified Regge rules for πp and ππ interactions.
We shall try to use the same model parameters as for the pp → ppπ + π − whenever possible. This should allow for an approximate estimation of the cross section and some differential distributions. The calculation presented here is performed with the help of the GenEx Monte Carlo event generator [4] .
We wish to concentrate on the four charged pion continuum production mechanism which, in addition, is a background for studies of central exclusive production of resonances discussed recently in [5] . The production of glueball states is expected to be enhanced in gluon rich pomeron-pomeron interactions. Identification of diffractively produced glueball states is still an experimental challenge at the LHC. For experimental point of view at lower energies see e.g. [7] . This requires calculation/estimation of the four-pion background from different sources, see e.g. [6] .
M {3456} = A π p (s 13 The subprocess amplitudes with the Regge exchanges are given as where the signature factors at t = 0 are η P = i and η f 2R = i − 0.86 [1] . The interaction strength parameters are assumed to fulfil the Regge factorization relation: We parametrize the t-dependences of subprocess amplitudes in the exponential form: 14) where the slope parameters are taken as [1] ). The Regge trajectories α j (t) are assumed to be of the standard linear form [8] :
15)
The off-shellness of t-channel pions in the diagrams is included via multiplication of corresponding amplitudes by the extra form factor:
In fact the off-shell effects are related to vertices and they always go in pairs for our process. The form factor is normalized to unity when meson is on-mass-shell F π (m 2 π ) = 1. The parameter of the off-shell form factor(s) is in principle a free parameter. In the present paper we shall use Λ o f f ,E = 1 GeV (lower limit) and use Λ o f f ,E = 1.5 GeV (upper limit). These values correspond toΛ o f f ,E = 1.41 GeV andΛ o f f ,E = 2.12 GeV in the convention used in [1] .
The amplitudes (2.8) and (2.9) have to be corrected (cut off) for low √ s ij = W ij as the Regge theory is valid only above a lower subenergy limit. In our analysis here mainly a smooth cut-off function will be used, as in [1] , e.g.,
with a = 0.2 GeV and W 0 = 2 GeV, which cuts off s ij 4 GeV 2 smoothly. Another cut-off function which we use is the Heaviside theta function:
where W cut is a parameter to be adjusted to future precise data. We will show that both functions, see (2.19) and (2.19), give similar results for the integrated cross section, however, somewhat different distributions in some special variables.
III. FEASIBILITY STUDY FOR THE MEASUREMENT OF THE TRIPLE REGGE EX-CHANGE PROCESS AT CURRENT LHC EXPERIMENTS
In this section we show some predictions for the considered process. We will select √ s = 7 TeV collision energy as a representative example. The collision energy dependence of the cross section is rather weak (see section IV E).
Presentation of our results is divided into three parts: (A) calculation for the full six-body phase space, (B) calculation relevant for the ATLAS main tracker, (C) calculation relevant for the ALICE main tracker.
In a separate section we discuss some general specific aspects of the discussed here mechanism.
Some technical details related to the Monte Carlo integration are described in Appendix A.
A. Results for the full phase space
In this subsection we present some results for cross section calculation which we call "full phase space" meaning that only minimal cuts are imposed for purely technical reasons, namely
These cuts can be easily placed in experimental analyses and do not change the shape of the resulting distributions. The condition M 4π < 30 GeV cuts off less than a few percent of the cross section. The distribution in four-pion invariant mass, see Fig. 3 , extends in relatively broad range, compared e.g. to dipion invariant mass distribution for the pp → ppπ + π − reaction. The four momentum transfer from both protons to the 4π system is restricted by peripherality of the process what results in relatively narrow distribution of (4.2) shown in Fig. 21 . At √ s = 7 TeV the outgoing protons are produced at y ≈ ±9 (see Fig. 4 ). The pions are produced between protons. The pion rapidity distribution illustrates well the role of subleading f 2R reggeons. In Fig. 5 we compare distributions for (P + f 2R ) × (P + f 2R ) × (P + f 2R ) and P × P × P exchanges. Here the notation corresponds to external × internal × external exchanges (see Fig. 1 ). Adding f 2R exchange not only enhances the cross section but also modifies the shape of the distribution. One can observe now clear enhancements at y ≈ ±6 that correspond to the external exchanges of f 2R reggeons. This figure reminds a similar figure for the pp → ppπ + π − reaction, where a camellike distribution was obtained [1] . There the peaks at large rapidities correspond to f 2R reggeon exchanges. Here (for the pp → ppπ + π − π + π − reaction) three peaks can be observed. In addition, we plot (P + f 2R ) × f 2R × (P + f 2R ) when in the middle only f 2R is present. The cross section is significantly smaller, which means that P in the middle of the diagram is responsible for the cross section enhancement. There is a qualitative hydromechanical analogy in which all outgoing particles in diagrams (shown schematically in Fig. 1 ) are represented as liquid layers which move with parallel velocities and protons are the top and bottom layers. Then the coupling/friction between layers is given by the parameters of the pomeron/reggeon exchanges. In Fig. 6 , M 4π distributions for
We can see that at Λ o f f ,E =1.5 GeV and M 4π ≈ 8 GeV the tripple Pomeron exchange contributes ≈ 1/3 of the cross section reaching ≈ 1/2 at 30 GeV. These ratios are even smaller for Λ o f f ,E = 1 GeV.
In Fig. 7 we discuss distribution in dipion invariant mass separately for the oppositesign pions (left panel) and for the same-sign pions (right panel). To improve statistics and reduce fluctuations the distributions for different combinations of indices (34, 56, 36, 45 for the opposite-sign pions or 35, 46 for the same-sign pions) were averaged in all figures of this type. The distributions for the opposite-sign pions have a large component at low (M ππ < 3 GeV) dipion invariant mass, similarly to the dipion mass distribution for the exclusive dipion production (see e.g. [5] ). The distribution for the same-sign pions is clearly broader than that for the opposite-sign pions and has maximum at larger invariant masses. This is due to the possible presence of the rapidity gap between the two π + π − pairs, as illustrated in Figs . This is also related to the somewhat arbitrary cut-off approach to the region where the Regge formalism (2.9) does not apply. The higher invariant dipion masses are only weakly dependent on the cut-off of the low masses of the two pions across the pomeron/reggeon exchange. It is not clear to us how to correctly include this region.
The shapes of the distributions in dipion invariant masses only slightly depend on the value of the cut-off parameter of the off-shell form factor (2.18). The position of the maximum for the same-sign pions at M ππ ∼ 3 GeV seems to be related to the point in M ππ where we gradually screen off the Regge amplitude (see Eq. (2.9)). The position of the transition from the Regge to non-Regge physics have been taken here (somewhat arbitrarily) to be 3 GeV. Therefore our predictions are valid above M ππ > 3 GeV. What happens below M ππ = 3 GeV is rather a matter of future measurements. Clearly our approach is not valid in this region and therefore has no predictive power there.
For illustration in Fig. 8 we show dependence of the integrated cross section on the sharp cut-off parameter W cut (see Eq. 
of W 0 and the corresponding cross section in the smooth cut-off approach (see Eq. (2.19)). Such a value of W 0 was used in the description of the pp → ppπ + π − process (see [1] ). As it is seen the cross section for W 0 = 2 GeV (smooth cut-off) is very much the same as the cross section for W cut ∼ 2 − 2.5 GeV (sharp cut-off).
Finally, in Fig. 9 we show how the choice of W cut (sharp cut-off) influences the distributions. As an example we consider dipion mass spectra, where the effect of cut-off function is the most visible. In this calculation we fixed Λ o f f ,E = 1.5 GeV and we show results for three different values of W cut . The sharp cut-off leads to characteristic sudden increase of the cross section. The large part of the dipion distributions is only weakly dependent on the value of W cut , but some visible effect survive (see the location of the dips in Fig. 9 ). This means that the different dipion subsystems are to some extend correlated. The study performed here was only to illustrate the possible uncertainties of our
predictions. However, we believe that our default smooth cut-off is the optimal choice at present. We feel one should return to the problem when corresponding experimental data will be available.
B. Results for ATLAS cuts
In this subsection we present results relevant for the ATLAS experimental cuts. The following kinematical conditions are imposed:
In addition, the mentioned above technical cut M 4π < 30 GeV is imposed. The corresponding integrated cross sections for different values of the cut-off parameter are collected in Tab. II. In this case the dependence on Λ o f f ,E is even stronger than for the full phase space case. This means that precise prediction of the cross section is not simple. Similarly as for the full phase space case we present several differential distribu- The transverse momentum distribution of the four-pion system is shown in Fig. 10 . The shape of the distribution is practically the same as for the full phase space case. It should be noted that the distribution of the longitudinal momentum of the four-pion system after rapidity cuts related to the ATLAS central tracker acceptance (right side of Fig. 21 ) is very narrow in comparison to full phase space histogram shown in the same figure on the left side. The four-pion invariant mass distribution extends from M 4π ≈ 3 GeV to the upper cut at M 4π = 30 GeV. This means that the ATLAS experiment has a potential to investigate the discussed here mechanism.
The rapidity distributions of pions (middle bump) and protons (external peaks) are shown in Fig. 12 . Here the rapidity coverage of the main tracker is clearly visible. The rapidity gaps between protons with y ≈ ± 9 and pions are now set by the experimental cuts and are bigger than 4.5 rapidity units. But we have to assure, in addition, the existence of rapidity gap within the four-pion system confined now to |y π | < 2.5. Then the maximal rapidity gap is clearly confined from above to only five rapidity units.
In Fig. 13 we show dipion invariant mass distribution for the opposite-sign (left panel) and the same-sign (right panel) pions for two different values of Λ o f f ,E .
One major weakness of the discussed model is a rather simplistic treatment of the low dipion and πp invariant masses i.e. non-Regge region. These region can be removed from the data imposing additional cut M ij > M ij,cut ≈ 2 -4 GeV. Imposing such cuts leads to the cross sections collected in Tab in the difficult to control non-Regge region. These experimental cuts remove influence of the details of the cut-off function on M ππ plots, see distributions shown in Fig. 13 . The same can be seen by comparison of first two rows of Tab. III.
C. Results for ALICE cuts
For the ALICE experiment we take the following cuts:
and the technical M 4π < 30 GeV cut. Corresponding numerical values for the integrated cross sections are presented in Tab. IV. They are rather small compared to the ATLAS case. Several differential distributions are presented below in Figs. 16, 17 and 18. The distribution in transverse momentum of the four-pion system (Fig. 15) is here very similar as those for the full phase space and for the ATLAS cuts. In contrast, the distribution in four-pion invariant mass drops faster than its counterpart for the ATLAS case. The irregular structures are due to narrow rapidity coverage of the ALICE detector and/or the cuts on each exchange of the pomeron or reggeon. The cross section for the triple Regge mechanism is for the ALICE fiducial volume very small, see Tab. IV. In addition, other mechanisms (see [6] ) may be important in this region. We conclude that the AL-ICE detector is not well suited for the studies of processes with three pomeron/reggeon exchanges. 
19

IV. DISCUSSION OF SOME ADDITIONAL ASPECTS OF THE TRIPLE-REGGE EX-CHANGE MODEL
Here we discuss in more detail some aspects of the model only mentioned in the previous section.
A. M 4π distribution and energy transfer to the 4π system
Here we wish to discuss some kinematic properties of the 4π system. In particular, we wish to understand how much energy can be transferred to the four-pion system. In our opinion, this is determined by the fact that the scattered protons take almost all energy leaving only a small amount of available energy which is distributed among the all centrally produced final pions. This can be traced back to specific propagators of pomerons/reggeons that couple to protons. In this subsection we shall try to justify the hypothetical statement.
In order to better understand this effect we first plot distribution in energy of one of outgoing protons in Fig. 19 . The distribution quickly drops towards energies smaller than √ s/2 which in our example is 3.5 TeV. For the case of the ATLAS cuts (3.2) the drop is much faster. Summing energies of both outgoing protons we obtain total energy taken by protons. In Fig. 20 we show distribution in the energy left for pions, which is the total energy minus the energy taken away by protons. The energies left for pions are much smaller than those taken away by protons. Kinematics dictates the following inequality:
FIG. 20: Distributions in the energy left for pions for the full phase space (left) and for the ATLAS cuts (3.2) (right). Here we take Λ o f f ,E = 1.5 GeV. For the full phase space case there is visible a sharp break above 1500 GeV indicating numerical accuracy limit.
For our process the dynamics imposes much severe cuts so it means the restriction (4.1) is not really important.
In general, the whole four-pion system does not need to be at rest in the overall centre of mass system. Let us define the quantity:
In Fig. 21 we show distribution of the P 4π,z variable. We observe much narrower distribution in the case of the ATLAS fiducial volume compared to the full phase space case. In the case of full phase space (left panel) the four-pion system is created with relatively large longitudinal momenta. For the ATLAS cuts (right panel) the four-pion system is almost at rest and the whole available energy is transferred to the excitation of the fourpion system. 
B. Interference effect
In this subsection we investigate interference between graphs in the whole amplitude. In order to quantify this effect we propose to compare the cross section for the full amplitude of (2.1), with the cross section obtained by adding matrix element squared of individual diagrams, i.e.,
The plots for the full phase space are presented in Fig. 22 . The amount of the interference can be considered as a measure of rapidity ordering characteristic for high energy multiperipheral processes. For fully ordered events i.e. with large rapidity gaps between all particles the interference effect is small because identical particles occupy different regions of phase space and the amplitude with reversed order is damped by the factor responsible for peripherality of the process. In our case the identical pions are often spaced by the large rapidity gap (see Figs.23 and 24) , however, low rapidity gap spacing component is also strong. As result interference effect contributes to ∼ 1/2 of the cross section as seen in Fig. 22 . 
C. Rapidity ordering of pions and the gap between two pion systems
In this subsection the rapidity gap between different orderings in rapidity of pions will be presented. This variable can well distinguish different central particles, however, any other variable that separates pions can be used. The procedure can be used in experiment to characterize triple pomeron/reggeon exchange process. The idea is as follows. The pions will be ordered with respect to their rapidities. Assume that the rapidities of pions are ordered in the following way y 1 < y 2 < y 3 < y 4 . The distribution in rapidity difference between pions 2 and 3 will be presented. Three different classes of the ordering of pion charges are possible in general. The class A:
• π − (y 1 ), π + (y 2 ), π + (y 3 ), π − (y 4 ),
and the class C:
In Figs. 23 and 24 we present distributions in rapidity difference between the second and the third pion for full phase space and for the ATLAS kinematical cuts (3.2). These plots show the characteristics of the triple-Regge process which can be verified experimentally. As can be seen from the figures, the events for the class C happens much more rarely than the events for classes A or B. In addition, the gap for the class C is much smaller than for classes A and B. This is because pion exchange is responsible for the gap for the class C versus pomeron exchange for classes A and B.
D. Comparison with 2σ production
The pp → ppσσ process recently discussed in [6] , due to the decay σ → π + π − , produces the same final state as the triple-Regge pp → pp4π process.
The Born-level results for the continuum mechanism including ATLAS cuts (3.2) for √ s = 7 and 13 TeV, see Tab. V, should be compared to 750.56 nb and 847.46 nb, respectively, from the sequential pp → pp(σσ → 4π) process discussed in [6] (please note that a slightly different cuts were used there). Note that these values of cross section are smaller than in Table I of [6] where p t,π > 0.1 GeV was imposed in the calculations. The cross sections for the σσ mechanism was obtained with the coupling constants given by (2.12) of [6] and the off-shell t-channel σ meson form factor (2.13) of [6] with Λ o f f ,E = 1.6 GeV.
These two mechanisms are complementary as can be seen in Fig. 25 , as they occupy different range of M 4π . In addition, in the range 2 GeV < M 4π < 4 GeV the σσ mechanism dominates with a rather sharp peak at M 4π ∼ 3 GeV and the triple-Regge contribution dominates above 8 GeV. These characteristics could be very useful when trying experimental distinctions of these two processes.
E. Predictions for LHC at 13 TeV
In this subsection we wish to provide also first predictions for current runs at the LHC at √ s = 13 TeV. A more detailed analysis, including technical details of experiments, will be postponed to a separate paper.
In Tab. V numerical values of the cross section are given and compared to out previous results. The table shows that the transfer of energy to the system is slowly varying with the collision energy. Therefore all plots presented in the previous sections do not differ dramatically for the case of √ s = 13 TeV. The only sizeable difference is that in the rapidity plots the protons are a bit further from y = 0. Summing up, the model cross section is only weakly dependent on the centre-of-mass energy.
V. CONCLUSIONS
The triple-Regge exchange model was proposed for the production of four-pions in the pp → ppπ + π − π + π − exclusive reaction. The amplitudes of the process were parametrized in the Regge formalism with coupling constants fixed to describe the total nucleon-nucleon and pion-nucleon cross sections. Some care must be taken how to 'remove' the low dipion invariant mass regions (M ππ < 2 GeV) that are not described by Regge amplitudes
In the considered process two of the pions are off-mass-shell already in the Born amplitude(s). The off-shell effects are parametrized in terms of corresponding form factors. The same objects (form factors) were discussed recently in the context of the pp → ppπ + π − reaction considered both theoretically as well as measured by the STAR, CDF, and CMS collaborations [14] [15] [16] . The cut-off parameter was fitted then [5] to describe the preliminary data. The present dipion data do not allow for a precise extraction of the model parameter but allow to obtain a reasonable range of the cut-off parameter Λ o f f ,E = 1 -1.5 GeV. Here we have assumed exponential dependence of the form factors on the pion virtualities. Then the model has almost only one free parameter (called here cut-off parameter), which can be taken in the range known from the four-body (pp → ppπ + π − ) reaction studied in the literature. In comparison to the four-body reaction the depen-dence on the cut-off parameter is much stronger as two pions, instead of one for the pp → ppπ + π − process, are off-mass-shell.
We have made first predictions for the six-body processes. Both total cross sections (integrated over six-body phase space) as well as several differential distributions were calculated and presented. Compared to the σσ and ρρ mechanisms considered recently by two of us [6] , the considered here mechanism populates final states with much larger dipion and four-pion invariant masses. We get total cross section 7.21 -42.86 µb (see Tab. V) in the whole phases space (neglecting absorption effects!). The absorption effects are expected to diminish the cross section by an order of magnitude. Our preliminary studies here have been done at the Born level and the absorption can be included only in the form of the multiplicative gap survival factor. One expects it to be of the order of 0.1. Fullfledged calculation of absorption effects and in particular its dependence on kinematical variables is not simple (see, e.g., [10] for detailed studies for the pp → ppπ + π − reaction).
The integrated full phase space cross section cannot be, however, measured due to limited coverage of the LHC detectors. We have therefore made predictions for the kinematical cuts characteristic for the ATLAS and ALICE detectors. The latter detector can identify pions down to very small transverse momenta of p t,π = 0.1 GeV. However, the rapidity coverage of the ALICE tracker is very (too) limited. This does not allow to observe the large four-pion invariant masses, the genuine feature of the considered diffractive triple-Regge mechanism. In contrast, the ATLAS detector allows to measure cases with large 4π invariant masses. We expect that the considered multi-diffractive process dominates over the contributions of other mechanisms for four-pion invariant masses M 4π > 10 GeV.
We have discussed in addition how much energy can be transferred from protons to the excitation of the four-pion system. We have demonstrated that the model amplitude gives natural limitations for such a transfer. A specific ordering of pion charges in rapidity has been found to be an interesting and representative characteristics of the discussed process.
To assure exclusivity of the process, not only charged pions but also forward/backward protons should be measured. The ALFA detectors are natural candidates for this purpose in the case of the ATLAS experiments. Similarly the CMS collaboration together with the TOTEM collaboration could perform similar studies.
In summary, the observation of counts/events at large four-pion invariant masses should be a clear signal of observing the discussed here three-pomeron exchange processes, not identified so far experimentally.
